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Abstract

Detailed results are presented for laminar film condensation of vapor–gas mixtures in horizontal flat-plate channels

using a fully coupled implicit numerical approach that achieves excellent convergence behavior. These results corre-

spond to steam–air and R134a–air mixtures over wide ranges of the independent parameters, and they include velocity,

temperature, and gas concentration profiles, as well as axial variations of film thickness, pressure gradient and Nusselt

number. Effects of the four independent variables (inlet values of gas concentration, Reynolds number and pressure,

and the inlet-to-wall temperature difference) on the film thickness, pressure gradient, and the local and average Nusselt

numbers are carefully examined. It was found that the condensation of R134a–air corresponds to thicker liquid films,

lower heat transfer rates, and lower algebraic values of the pressure gradient when compared with steam–air at the same

operating conditions. � 2002 Elsevier Science Ltd. All rights reserved.

1. Introduction

Condensation of vapors on cooled surfaces is a very

important process due to its fundamental nature, as well

as its relevance to many industrial applications. Nu-

merous studies were required in order to develop our

current understanding of the physical phenomena in-

volved in the different categories of this process. These

categories include, but are not limited to, drop-wise and

film condensation; laminar, wavy, and turbulent films;

condensation on the exterior of surfaces and inside ducts

or channels; condensation of pure vapors, mixtures of

vapors, and vapor–gas mixtures. For reviews of con-

densation heat transfer, the reader is referred to But-

terworth et al. [1], Marto [2], Collier and Thome [3], and

Rose [4,5].

For internal-flow condensation, most of the pub-

lished research efforts were concerned with the geometry

of a circular tube due to its obvious relevance to many

practical applications. The more recent investigations of

in-tube condensation were concerned with the effects of

the presence of non-condensable gases on the conden-

sation process (e.g. [6–8]). The complexity of the prob-

lem did not allow full analytical treatment of the physics

involved and therefore, several simplifying assumptions

had to be introduced in these investigations, such as

using cross-sectionally averaged, one-dimensional con-

servation equations with empirically based closure re-

lations. This approach may succeed in predicting overall

parameters, such as Nusselt number and the condensa-

tion rate. However, important features such as the local

distributions of velocity, temperature, void, gas con-

centration, shear stress, and heat flux cannot be pre-

dicted unless the full form of the governing conservation

equations is considered in the solution.

Our main objective is to investigate the effects of the

presence of a non-condensable gas on the process of

internal-flow, laminar film condensation using the full

form of the governing conservation equations. To the

best of our knowledge, there are no results of this type

currently available in the literature, with the exception of

the work of Yuann et al. [9] on the condensation of

vapor–gas mixtures inside vertical tubes. As a start for
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our research program on this topic, we have selected the

geometry of parallel-plate channels, and we plan to ex-

tend our work to other duct geometries in the future.

The reasons for selecting this geometry are: (a) this ge-

ometry is relevant to some practical applications (e.g.,

plate-fin compact heat exchangers, and cooling systems

for the containment buildings of nuclear reactors), (b)

the flow can be treated as a two-dimensional problem,

which is easier to solve than the three-dimensional for-

mulation required for horizontal and inclined tubes, (c)

the present two-dimensional formulation can be easily

extended to the case of flow inside vertical tubes, and (d)

there are no results available yet for laminar film con-

densation of vapor–gas mixtures inside channels.

Previous studies on laminar film condensation inside

flat-plate channels considered only the case of pure va-

pors [10–14]. Narain and co-workers [10,11] adopted a

one-dimensional, differential–integral formulation of the

governing equations, neglected the inertia forces and

energy convection in the liquid, assumed a constant

temperature in the vapor, and imposed an assumed

formulation for the shear stress at the interface and the

upper wall. Louahlia and Panday [12–14] followed a

more-accurate, two-dimensional approach in which they

retained the liquid inertia and convection terms, and

imposed continuity of shear stress and heat flux at the

vapor–liquid interface. The governing conservation

equations, which were developed for both phases, were

Nomenclature

Cp specific heat ðJ kg�1 K�1Þ
D diffusion coefficient ðm2 s�1Þ
e relative error, defined in Eq. (26)

H channel height (m)

hfg latent heat of vaporization ðJ kg�1Þ
hx local heat transfer coefficient ðW m�2 K�1Þ

ð¼ qx=DT Þ
J mass flow rate at g-direction control volume

faces ðkg s�1Þ
J 00 mass flux at g-direction control volume faces

ðkg m�2 s�1Þ
Ja Jakob number ð¼ Cp;LðTin � TwallÞ=hfgÞ
k thermal conductivity ðW m�1 K�1Þ
_mm total mass flow rate ðkg s�1Þ
nl number of grid subdivisions in the g-direc-

tion within the liquid film

nv number of grid subdivisions in the g-direc-
tion within the mixture

nx number of grid subdivisions in the v-direc-
tion

Nux local Nusselt number (¼ hxH=kL)
Nux average Nusselt number ð¼ ð1=x�Þ

R x�

0
Nux

dx�Þ
P pressure ðN m�2Þ
P � dimensionless pressure ð¼ ðP � PinÞ=ð1=

2qin u
2
inÞÞ

Pr Prandtl number ð¼ lCp=kÞ
qx local heat flux at the lower plate

ðW m�2Þ ð¼ kLðoTL=oyÞjy¼0Þ
Rein inlet Reynolds number ð¼ qinuinH=linÞ
Red film Reynolds number ð¼ ð4=lLÞ

R 1

0
qLuLd

dgÞ
Sc Schmidt number ð¼ qD=lÞ
T temperature (K)

DT inlet-to-wall temperature difference (K)

ð¼ ðTin � TwallÞÞ

T � dimensionless temperature ð¼ ðT � TwallÞ=
ðTin � TwallÞÞ

u velocity in the x-direction ðm s�1Þ
u� dimensionless velocity in the x-direction

ð¼ u=uinÞ
v velocity in the y-direction ðm s�1Þ
v� dimensionless velocity in the y-direction

ð¼ v=uinÞ
W gas mass fraction

x coordinate parallel to the channel walls (m)

x� dimensionless coordinate parallel to the

channel walls ð¼ x=HÞ
y coordinate normal to the channel walls (m)

y� dimensionless coordinate normal to the

channel walls ð¼ y=HÞ

Greek symbols

d thickness of condensate layer (m)

d� dimensionless film thickness ð¼ d=HÞ
g transformed coordinate defined by Eqs. (23)

and (24)

k relaxation factor used in Eq. (25)

l viscosity ðN s m�2Þ
q density ðkg m�3Þ
v transformed coordinate defined by Eq. (22)

Subscripts

ec end of condensation path

g gas

i interface

in channel inlet

L liquid

M vapor–gas mixture

sat saturated condition

v vapor

wall wall
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solved numerically using a segregated solution method,

whereby each of the governing non-linear equations was

iterated separately until convergence was achieved for

the whole system at each axial cross-section.

The model developed in the present work includes the

complete two-dimensional, two-phase, boundary-layer

equations for laminar film condensation of vapor–gas

mixtures inside channels. Numerical solution of this

model has been achieved using a fully coupled approach,

whereby the whole system of non-linear governing

equations was iterated simultaneously at each axial

cross-section until convergence was achieved. This ap-

proach makes the solution scheme robust by mitigating

solution oscillations caused by inter-equation coupling

and also avoids the numerous under-relaxation factors

that may be required for a segregated method. Also, this

approach was found to produce excellent convergence

behavior, even in the cases of high inlet gas concentra-

tions. This paper presents the numerical model used and

detailed original results on laminar film condensation in

horizontal channels in the presence of a non-condens-

able gas.

2. Mathematical model

The geometry under consideration is shown in Fig. 1.

A mixture of a saturated vapor and a non-condensable

gas (total mass flow rate _mmin) enters a horizontal, parallel-

plate channel of heightH with a top wall that is insulated

and a bottom wall that is is cooled and maintained at a

uniform temperature Twall. The mixture enters with a

uniform velocity uin, uniform temperature Tin, uniform

pressure Pin, and uniform gas concentration Win. As the

mixture flows down the channel, vapor is removed from

the mixture to form a condensate layer of thickness d on

the bottom plate. Hydrodynamic, thermal, and concen-

tration boundary layers build within the mixture layer

along the upper wall and the liquid–mixture interface.

Along the condensation path (i.e., in the x-direction),

there is a continuous change in the velocity and tem-

perature profiles in the liquid and mixture layers, the gas-

concentration profile in the mixture, the pressure and the

axial pressure gradient, the film thickness, and the local

heat transfer coefficient at the lower wall.

In formulating the governing conservation equations,

it was assumed that the flow is steady and laminar, the

liquid–mixture interface is smooth, and the liquid and

mixture are Newtonian fluids. The vapor–gas mixture

was treated as an ideal-gas mixture and saturation

conditions were assumed at the liquid–mixture interface.

The pressure, P, was assumed to be constant across the

channel (i.e., oP=oy ¼ 0); however, P varies in the x-

direction due to frictional losses and momentum change.

Finally, the axial diffusion of heat, momentum, and

mass were assumed to be negligible.

The governing equations, written in the Cartesian

coordinates shown in Fig. 1, are:

o

ox
ðqLuLÞ þ

o

oy
ðqLvLÞ ¼ 0; ð1Þ

o

ox
ðqLuLuLÞ þ

o

oy
ðqLvLuLÞ ¼

o

oy
lL

ouL

oy

� �
� dP

dx
; ð2Þ

o

ox
qLuLCp;LTL

� �
þ o

oy
qLvLCp;LTL

� �
¼ o

oy
kL

oTL

oy

� �
; ð3Þ

o

ox
ðqMuMÞ þ

o

oy
ðqMvMÞ ¼ 0; ð4Þ

o

ox
ðqMuMuMÞ þ o

oy
ðqMvMuMÞ ¼

o

oy
lM

ouM

oy

� �
� dP

dx
;

ð5Þ

o

ox
ðqMuMCp;MTMÞ þ

o

oy
ðqMvMCp;MTMÞ

¼ o

oy
kM

oTM

oy

� �
þ o

oy
qMD Cp;g

��
� Cp;v

� oW
oy

TM

�
; ð6Þ

o

ox
ðqMuMW Þ þ o

oy
ðqMvMW Þ ¼ o

oy
qMD

oW
oy

� �
: ð7Þ

Eqs. (1)–(3) govern the conservation of mass, momen-

tum, and energy for the liquid film, while Eqs. (4)–(6) are

the corresponding conservation equations for the mix-

ture. Eq. (7) ensures mass conservation for the gas.

Thermal and mechanical equilibria have been assumed

in the mixture, i.e., the vapor and the gas are assumed to

have the same values of u, v, and T at any location

within the mixture. In solving the above set of governing

equations, the properties were calculated as functions of

the local pressure, temperature, and mixture composi-

tion, as described in [15].

The boundary conditions for Eqs. (1)–(7) are:

• Lower plate (y ¼ 0)

uL ¼ 0; ð8Þ

vL ¼ 0; ð9Þ

TL ¼ Twall: ð10ÞFig. 1. Geometry and coordinate system.
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• Upper plate (y ¼ H )

uM ¼ 0; ð11Þ

vM ¼ 0; ð12Þ

oTM

oy
¼ 0; ð13Þ

oW
oy

¼ 0: ð14Þ

• Liquid–mixture interface ðy ¼ dÞ
uL ¼ uM; ð15Þ

lL

ouL

oy
¼ lM

ouM

oy
; ð16Þ

qLvL � qLuL

dd
dx

¼ qMvM � qMuM

dd
dx

¼ J 00
i ; ð17Þ

TL ¼ TM ¼ Tsat;i; ð18Þ

J 00
i W � qMD

oW
oy

¼ 0: ð19Þ

kL
oTL

oy
¼ kM

oTM

oy
� J 00

i hfg: ð20Þ

The above boundary conditions prescribe no slip on

the isothermal (lower) plate, no slip and gas imperme-

ability at the insulated (upper) plate, continuity of ve-

locity and shear stress at the interface, as well as mass

and energy balances and gas impermeability at the in-

terface.

The system of governing equations (1)–(7), along

with boundary conditions (8)–(20) provide the necessary

relations for determining the field variables uL, vL, TL,

uM, vM, TM, W, and d. An additional relation is required

for determining the local pressure gradient, dP=dx,
along the channel. This was achieved by invoking

overall mass conservation:

Z d

0

qLuL dy þ
Z H

d
qMuMdy ¼ _mmin: ð21Þ

For a specified vapor–gas mixture at the inlet of the

channel, the required input values for solving the above

model are uin (or _mmin), Tin (or Pin), Win, and Twall (or DT ).
Far downstream from the inlet, the temperature

across the condensate and the mixture layers cools down

to Twall and the condensation process shuts off. The

mixture composition at this location reduces to a gas

fully saturated with vapor. The gas concentration in this

mixture, Wec, can be easily determined from the local

pressure, Pec, the local temperature, Twall, and the prop-

erties of gas and vapor [16]. This flow situation is easy to

solve and a summary of the procedure and results is

presented in Appendix A.

3. Numerical solution method

In an approach similar to that of Chin et al. [17], a

transformation of coordinates is made before discreti-

zation of the governing equations to enable the use of a

computational grid in which the liquid–mixture interface

is clearly defined at all stations along the solution do-

main. In this work, the Cartesian x–y coordinates are

transformed into v–g coordinates using [18]:

v ¼ x for all x; ð22Þ

g ¼ y
d

for 06 y6 d; ð23Þ

g ¼ y � d
H � d

þ 1 for d6 y6H : ð24Þ

The solution domain was then divided into trans-

formed coordinates into control volumes in a structured

grid. A finite volume method [19] was applied to the

transformed equations resulting in a set of non-linear

algebraic equations for the seven nodal unknowns uL,

JL, TL, uM, JM, TM, andW and for the scalar unknowns d
and dP=dv at each axial station. It was more convenient

in the numerical solution method to use mass flow J in

place of the v velocity in the solution fields. Standard

upwind approximations were used for the control-vol-

ume face values in the v-direction, an algebraic ap-

proximation for the Exponential Differencing Scheme

was used for the control-volume face values in the g-
direction, and non-linear and inter-equation coupling

terms were approximated using a Newton–Raphson

linearization [18]. The boundary conditions were pre-

scribed using zero-width control volumes at each plate

and at the liquid–mixture interface.

A marching procedure was used in the numerical

solution. The inlet boundary condition was used as an

initial guess to form the linearized coupled equations for

the first v station (column of control volumes in the

liquid and mixture). The linearized equation set was

solved directly using a bordered-matrix algorithm and a

block TDMA [18]. The direct solution of the linearized

equations was repeated with an update of all coefficients

in each iteration. Relaxation was applied at all the nodal

points for the solution fields and the two scalars. The

relaxation method can be represented by

/new ¼ /k þ kð/kþ1 � /kÞ; ð25Þ

where k is the iteration index and / represents a solution

field variable. Typical relaxation factors used were 0.4

for the film thickness, 0.8 for the temperature, and no

relaxation for all other unknowns. Convergence of the

solution at a station was determined using relative error

assessment. The relative error e, was calculated as

e ¼ /kþ1 � /k

/kþ1

				
				: ð26Þ
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Convergence was declared at a station when e was less

than 1	 10�7 for all field values at all nodal points and

for d and dP=dv. After a converged solution was ob-

tained at any given axial station, the solution procedure

was repeated for the column of control volumes at the

next station using the previous-station solution as an

initial guess. Computation proceeded station by station

along the channel until either the prescribed channel

length was reached or one of the following three con-

ditions was encountered:

• Complete condensation was achieved. For pure va-

pors, this was assumed when d ¼ H was reached,

and for vapor–gas mixtures, this was assumed when

the field values approached closely those given in Ap-

pendix A.

• Flow reversal (i.e., negative values of u) was encoun-

tered. Whenever this condition was encountered, it

was always located near the upper wall of the channel

and it coincided with high values of DT and low val-

ues of Win. The solution cannot be progressed beyond

this cross-section because of the parabolic solution

method adopted in this investigation.

• The film Reynolds number, Red, exceeded 30. This

condition was never invoked for any of the condi-

tions considered in this investigation.

The numerical solution described above was imple-

mented in a new, in-house computer code. The computer

code was tested thoroughly for consistency and accuracy

by means of local and overall conservation balance

checks, grid independence tests, and validation tests.

Grid independence tests were carried out by comparing

the total heat transfer to the bottom plate for different

values of nl, nv, and nx for a channel of fixed dimensions

(height 2 cm and length 8 m). The range of values

considered was as follows: 106 nl6 40, 406 nv6 160,

and 1006 nx6 400. In all cases, the grid in the liquid

region was uniformly spaced in the g-direction, the grid

in the mixture region was contracted geometrically to-

ward the upper plate and toward the liquid–mixture

interface in the g-direction, and the grid expanded ex-

ponentially along v after a short section (0.005 m long)

with five uniformly spaced stations adjacent to the inlet.

It was found that a grid with nl ¼ 40, nv ¼ 80, and

nx ¼ 200 produced results for total heat transfer that

were less than 0.1% different from those obtained using

the finest grid [18]. All the results presented in Section 4

were generated using this mesh, and therefore we can

claim less than 1% in numerical uncertainty.

Two validation tests were performed against previ-

ously published results (experimental and theoretical).

The first validation test was for condensation of pure

saturated refrigerant R-113 flowing in a nominally hor-

izontal parallel-plate channel. A comparison was made

for dðxÞ between the present work, the experimental re-

sults of Lu and Suryanarayana [20], and the numerical

results of Louahlia and Panday [12]. In the second vali-

dation test, the results from the present model were

compared with those from an earlier in-house code that

used a segregated numerical approach to compute ex-

ternal-flow, laminar film condensation on isothermal

plates with a non-condensable gas [17]. In order to per-

form this comparison, a flat-plate channel with a rela-

tively large height and a relatively small length, was used

in the present model. In both the validation tests, good

agreement was found [18]. The second validation test

also indicated that the present method has much better

convergence behavior than a segregated method, espe-

cially for high inlet gas concentration values.

The variable transformation used in [15,17] was ap-

plied to Eqs. (1)–(7). As a result, the following dimen-

sionless groups were identified: x�; y�; d�; u�; v�; Rein;
P �; T �, Ja, Sc, and Pr. The other dimensionless groups

that resulted from this transformation are (Twall=DT )
and the property ratios (qL=qM), (lL=lM), (kL=kM), and

ðCp;g � Cp;vÞ=Cp;M. The dimensionless coordinate y� is

related to the transformed coordinate g by the following

relations:

g ¼ y�=d� for 06 y� 6 d�; ð27Þ

g ¼ y� � d�

1� d� þ 1 for d�
6 y� 6 1: ð28Þ

The transformed conservation equations and bound-

ary conditions indicated that the four field variables

u�; v�; T �, and W are functions of x�; y�;Win;Rein,
(Twall=DT ), and the fluid properties. If the vapor–gas

combination is specified along with values of Pin;Win, and

DT , then it is possible to calculate Tin and Twall. Thus,

during the computations, the local values of T were

available for calculating the properties. Therefore, for a

known vapor–gas composition, values of Win;DT ;Rein,
and Pin are the only required input for the calculation of

u�; v�; T �, andW as functions of x� and y�. The validity of

this dependence was confirmed numerically by generat-

ing results at the same Rein but different combinations of

uin and H and observing that the results would collapse.

The calculated field parameters were used in determining

some important engineering parameters, such as the lo-

cal and the average Nusselt numbers, Nux and Nux, re-
spectively, as defined in the nomenclature.

4. Results and discussion

Two vapor–gas combinations (steam–air, and

R134a–air) were considered in this investigation. Steam

and air are two of the most commonly used fluids in

practice, and R134a is one of the new fluids developed

for refrigeration applications. Also, these two combi-

nations include a mixture of a vapor and a heavier gas

E.C. Siow et al. / International Journal of Heat and Mass Transfer 45 (2002) 3689–3702 3693



(steam–air) and a mixture of a vapor and a lighter gas

(R134a–air).

4.1. Results for steam–air mixtures

For the vapor–gas combination of steam–air, results

were obtained for three inlet pressures (Pin ¼ 0:5, 1, and
2 atm), four inlet-to-wall temperature differences (DT ¼
5, 10, 20, and 50 K), three inlet Reynolds numbers

(Rein ¼ 500, 1000, and 2000), and a range of inlet gas

concentrations (06Win 6 0:2). The results presented here

include the detailed profiles of velocity, temperature,

and gas concentration, as well as the variations of film

thickness, Nusselt number, and pressure along the con-

densation path.

4.1.1. Common behavior

The results obtained in this investigation were found

to follow a common behavior for all inlet conditions.

This behavior is illustrated in the six parts of Fig. 2,

which corresponds to steam–air at the inlet conditions of

Rein ¼ 2000, Pin ¼ 1 atm, Win ¼ 0:1, and DT ¼ 20 K.

Fig. 2(a) shows the axial-velocity profiles plotted in

terms of u� versus g at different values of x� (please note

that different vertical scales are used in the liquid,

06 g6 1, and the mixture, 16 g6 2, regions). In the

early segment of the condensation path (e.g., at x� ¼ 5),

boundary layers can be seen to form in the mixture re-

gion at the liquid–mixture interface and the upper wall,

while a uniform value of u�M (slightly greater than one)

still persists in the core. Further along the condensation

Fig. 2. Results for steam–air at Pin ¼ 1 atm, Rein ¼ 2000, Win ¼ 0:1, and DT ¼ 20 K; (a) velocity profiles; (b) temperature profiles; (c)

gas concentration profiles; (d) film thickness; (e) pressure and pressure gradient; (f) local and mean Nusselt numbers.
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path, both boundary layers get thicker and the mean

velocity of the mixture decreases due to the loss of mass

associated with the condensation process. At a large

distance from the inlet (e.g., x� ¼ 750 for the values of

Rein; Pin;Win, and DT used in Fig. 2), the condensation

process practically shuts off. The mixture at this location

consists of air fully saturated with water vapor at

TM ffi Twall, and the velocity profile converges closely to

the exact solution u�M;ec presented in Appendix A. In the

liquid film, the velocity profiles presented in Fig. 2(a),

show that values of u�L are relatively high at the begin-

ning of the condensation path, where the condensate

mass flow rate is small and the drag force from the

mixture is high. After a slight increase at x� ¼ 50, values

of u�L decrease along the condensation path due to the

decreasing interfacial drag and the increasing film

thickness. Again, at x� ¼ 750, the u�L profile converges

closely to the u�L;ec profile of Appendix A.

Fig. 2(b) shows the profiles of T � in the liquid and

mixture regions at various axial locations. The temper-

ature level across both regions decreases continuously in

the flow direction. The T �
L profiles are fairly close to a

linear shape, which indicates that the convection terms

in the liquid energy equation are not very significant.

The mixture temperature TM starts out at Tsat at x ¼ 0

and appears to approach Twall at large values of x. The

slope (oT �
L=og) at the interface decreases continuously

along x�, which indicates a decreasing rate of heat

transfer along the condensation path.

The profiles of the gas concentration W are shown in

Fig. 2(c). A uniform profile, W ¼ Win ¼ 0:1, was as-

sumed at the inlet (x� ¼ 0). It is clear from Fig. 2(c) that

in the early part of the condensation path, W increases

very rapidly near the interface (e.g., at the interface,

Wi > 0:4 at x� ¼ 5) with a high value of ðoW =oyÞi for

x� > 5, W rises continuously at all g locations, while

ðoW =oyÞi decreases continuously until the end of the

condensation process is approached (e.g., at x� ¼ 750),

where a fairly flatW profile is reached. The flatW profile

at x� ¼ 750 is very close to the value of Wec ¼ 0:6735 that

corresponds to air fully saturated with water vapor at

TM ¼ Twall and the local pressure.

The development of the liquid film thickness along x�

is illustrated in Fig. 2(d). For this value of Win, the value

of d�, increases continuously with x� while od�=ox� de-

creases continuously with x�. This trend of decreasing

od�=ox� is typical of results for larger Win and is consis-

tent with the trends seen earlier of increasing Wi (which

results in decreasing Ti), increasing film thickness, and

therefore decreasing ðoTL=oyÞi and interfacial heat flux.

Fig. 3. Effect of Win on the results of steam–air at Pin ¼ 1 atm, Rein ¼ 1000, and DT ¼ 20 K; (a) liquid film thickness; (b) pressure

gradient; (c) local Nusselt number.
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At x� ¼ 750, the present numerical solution converges

very closely to the algebraic solution (Appendix A) of

d�
ec ¼ 0:15.
The axial variations of P � and ðoP �=ox�Þ are shown in

Fig. 2(e). The pressure gradient ðoP �=ox�Þ is the sum of

two components; a positive component due to the loss of

momentum associated with the condensation process

and a negative component due to friction at both walls

of the channel. The algebraic sum of these two compo-

nents is negative at all x� for the flow conditions corre-

sponding to Fig. 2(e) and therefore, the pressure

decreases continuously from inlet to exit. At the end of

the condensation path, the momentum component dis-

appears and the frictional component becomes invariant

along x�. The analytical solution in Appendix A gives

ðdP �=dx�Þec ¼ �0:002857 and the numerical solution in

Fig. 2(e) appears to approach this value very closely at

x� ¼ 750.

The local and the average Nusselt numbers at the

lower plate Nux and Nux, respectively, are presented in

Fig. 2(f). As expected, Nux decreases rapidly along x� and
it approaches zero at x� ¼ 750, which is close to the end

of the condensation path. This rapid decrease in Nux is

caused by the combined effects of a continuous decrease

in ðTi � TwallÞ and a continuous increase in d along x�.

Values of Nux, shown in Fig. 2(f), can be very useful in

calculating the overall rate of heat transfer between the

channel inlet and any axial location downstream. The

magnitude and trend in the results of Nux versus x� are

consistent with those in the Nux versus x� results.

The above results for steam–air mixtures correspond

to a particular combination of the independent variables

(Rein; Pin;Win, and DT ). Effects of these independent

variables on the values of d�, (dP �=dx�), and Nux are

examined in the following sections.

4.1.2. Effect of Win

The influence of Win on the condensation process was

examined for steam–air at Rein ¼ 1000, Pin ¼ 1 atm, and

DT ¼ 20 K. The results shown in Figs. 3(a)–(c) clearly

confirm that the presence of gas in the vapor stream has a

very strong effect on the condensation process. Fig. 3(a)

shows the impact of Win on the thickness of the liquid

layer along the condensation path. At any x�, the film

thickness is largest for pure vapors. The presence of gas

dictates that the flow channel will never run full of liquid

at the end of the condensation path. Fig. 3(a) shows that

d�
ec decreases as Win increases. As well, d� and ðod�=ox�Þ

decrease at all values of x� as Win increases, indicating a

decreased heat transfer rate. The solution for the pure

Fig. 4. Effect of DT on the results of steam–air at Pin ¼ 1 atm and Rein ¼ 1000; (a) liquid film thickness; (b) pressure gradient; (c) local

Nusselt number.
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vapor in Fig. 3(a) could not be progressed beyond the

point shown in the figure because of flow reversal.

However, for all practical purposes, the condensation

process was complete when flow reversal occurred as

over 99% of the vapor had already been condensed.

The impact of Win on the pressure gradient is also

very significant, as shown in Fig. 3(b). For a pure vapor,

ðdP �=dx�Þ is actually positive for a significant portion of

the condensation path and it turns negative only at

x� ffi 25. This suggests that the positive momentum

component of the pressure gradient is high enough (due

to the high condensation rate) for x� < 25 to overcome

the negative frictional component. Further along the

channel (i.e., x� > 25), both the condensation rate and

the momentum component decrease and the net value of

ðdP �=dx�Þ becomes negative. As Win increases, the mo-

mentum component of the pressure gradient decreases

due to the decreased condensation rate, which results in

an overall decrease in ðdP �=dx�Þ. For Win > 0:1, the re-

sults in Fig. 3(b) show that the pressure gradient is

negative throughout the condensation path.

Fig. 3(c) shows the impact of the presence of gas on

heat transfer. As expected, significant reductions in Nux
are introduced and the magnitude of these reductions

increases as Win increases. At Win ¼ 0:1, there is ap-

proximately 50% reduction in heat transfer compared to

the values for pure vapor. For all values of Win, Nux
approaches zero at large x�.

4.1.3. Effect of DT
The effect of DT on the condensation parameters was

investigated for steam–air at Rein ¼ 1000, Pin ¼ 1 atm,

and different values of Win and the results are shown in

Figs. 4(a)–(c). For fixed values of Pin and Win, the inlet

saturation temperature will be fixed and therefore, in-

creasing DT means decreasing Twall. At the end of the

condensation path where the liquid and mixture tem-

peratures reduce to Twall, an increase in DT would then

mean a reduced ability for the gas to absorb moisture,

i.e., a decrease in Wec (because of the decrease in Twall).

Consequently, an increase in DT at fixed Pin;Win, and Rein
would result in an increase in the mass flow rate of the

liquid condensate at the end of the condensation path.

Fig. 4(a) shows the effect of DT on d� at Win ¼ 0, 0.01,

and 0.1. For pure steam, a significant increase in

ðod�=ox�Þ and a significant decrease in the channel length

required for complete condensation can be seen as DT
increases. These trends suggest that an increase in heat

flux is associated with the increase in DT . Similar trends

can be seen in Fig. 4(a) with air present, i.e., increasing

ðod�=ox�Þ and decreasing condensation length with in-

creasing DT . The value of d�
ec increases as DT increases

Fig. 5. Effect of Rein on the results of steam–air at Pin ¼ 1 atm and Win ¼ 0:2; (a) liquid film thickness; (b) pressure gradient; (c) local

Nusselt number.
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because of the increase in the mass flow rate of the liquid

condensate, as discussed above.

The effect of DT on the axial pressure gradient is il-

lustrated in Fig. 4(b). The trend in these results is that an

increase in DT or a decrease in Win has similar effects on

ðdP �=dx�Þ. This is attributed to the fact that either an

increase in DT or a decrease in Win would, according to

earlier results, result in an increase in the wall heat flux

causing a faster condensation rate and consequently, a

larger value for the momentum component of ðdP �=
dx�Þ. In all cases, ðdP �=dx�Þ is negative near the end

of the condensation path because the momentum

component diminishes and the friction component

dominates.

Fig. 4(c) shows the effect of DT on Nux for Win ¼ 0

and 10%. These results show that Nux decreases at any

value of x� as DT increases. A similar trend exists in the

classical Nusselt’s [21] solution for laminar film con-

densation of pure vapors on vertical isothermal plates

where Nux is proportional to ðDT Þ�0:25
. An attempt to

replot the results in Fig. 4(c) in terms of [NuxðDT aÞ]
versus x� did not succeed in identifying values for the

exponent a that would collapse the results for various

DT at the same Win. Exponent a was found to vary along

x�. In spite of the decrease in Nux, the wall heat flux was

found to increase with DT . For example, for Win ¼ 0%,

the overall rate of heat transfer from x� ¼ 0 to x� ¼ 103

increased by about 54% as DT was increased from 5 to

10 K, and a further increase of about 40% occurred as

DT was increased from 10 to 20 K. For Win ¼ 10%, the

overall rate of heat transfer from x� ¼ 0 to x� ¼ 103

increased by about 56% as DT was increased from 5 to

10 K, and a further increase of about 46% occurred as

DT was increased from 10 to 20 K.

4.1.4. Effect of Rein
Effect of the inlet Reynolds number on the con-

densation parameters was investigated for steam–air at

Pin ¼ 1 atm, Win ¼ 0:2, and 106DT 6 50 K. Fig. 5(a)

shows the results for d�. These data demonstrate that

increasing Rein at fixed Pin, Win, and DT results in in-

creasing the channel length required for complete con-

densation. However, the thickness of the condensate

layer at the end of the condensation path remains un-

changed with Rein, consistent with the analytical result in

Appendix A. The increase in d� with DT , seen in Fig.

5(a), was explained in Section 4.1.3.

Fig. 5(b) shows results for the effect of Rein on the

axial pressure gradient. Values of ½ðdP �=dx�ÞRe2in� were

plotted on the vertical axis because this quantity is

proportional to the dimensional pressure gradient

(dP=dx). Fig. 5(b) shows a significant increase in the

absolute value of the pressure gradient with increasing

Rein. This trend is expected since the frictional compo-

Fig. 6. Effect of Pin on the results of steam–air at Rein ¼ 2000 and DT ¼ 20 K; (a) liquid film thickness; (b) pressure gradient; (c) local

Nusselt number.
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nent of ðdP=dxÞ would increase significantly as Rein in-

creases.

The effect of Rein on heat transfer is presented in Fig.

5(c) in terms of ðNux=Re0:5in Þ versus x�. Results for three

values of DT ðDT Þ ¼ 10, 20, and 50 K) and three values

of Rein for each value of DT ðRein ¼ 500, 1000 and 2000)

are shown in this figure. For each DT , it is clear that the

results for all three values of Rein collapse fairly well

when ðNux=Re0:5in Þ is used on the vertical axis. This is not

an attempt at developing an accurate correlation; the

objective here is only to demonstrate the approximate

form of dependence between Nux and Rein at fixed values

of Win, DT , and Pin.

4.1.5. Effect of Pin

Increasing Pin while maintaining Win constant results

in increasing the inlet saturation temperature of the

mixture, Tin, with associated changes in the physical and

thermodynamic properties. Therefore, if Win, DT , and

Rein were held constant while varying Pin, the impact on

the results will be mainly due to changes in the ther-

mophysical properties. In order to assess this impact for

steam–air, the effect of Pin was investigated at two values

of Win (0% and 20%); both corresponding to Rein ¼ 2000

and DT ¼ 20 K. Before examining these results, it would

be interesting to discuss the expected effect of Pin on the

properties and the anticipated impact of this property

change on the condensation process. The property most

affected by the pressure is the mixture density, whereby

qM increases (almost linearly) with Pin. If Rein is held

constant, then uM will decrease with an increase in Pin. A

decrease in uM results in a decrease in the interfacial

shear and consequently, an increase in the liquid film

thickness. Thicker liquid films with fixed DT result in

lower Nux and lower condensation rates.

The results in Figs. 6(a)–(c) confirm the trends pre-

dicted above. Fig. 6(a) shows that d� increases as Pin

increases for Win ¼ 0:2. For pure steam, the film thick-

ness near the entrance of the channel is higher for higher

Pin and because of the reduced heat transfer, the con-

densation length is longer for higher Pin. The trend of

decreasing heat transfer with increasing Pin is clearly

evident in Fig. 6(c). This decrease in heat transfer also

results in a decrease in the momentum component of the

pressure gradient. Therefore, the algebraic value of the

pressure gradient decreases with an increase in Pin, as

clearly shown by the results in Fig. 6(b).

4.2. Results for R134a–air mixtures

For the vapor–gas combination of R134a–air, de-

tailed results were obtained for three inlet pressures

Fig. 7. Effect of Win on the results of R134a–air at Pin ¼ 1 atm, Rein ¼ 1000, and DT ¼ 20 K; (a) liquid film thickness; (b) pressure

gradient; (c) local Nusselt number.
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(Pin ¼ 0:5, 1, and 2 atm), three inlet Reynolds numbers

(Rein ¼ 500, 1000, and 2000), a range of inlet gas con-

centrations (06Win 6 0:2), and a range of inlet-to-wall

temperature differences (56DT 6 50 K). These results

were found to have a common behavior exactly similar

to the common behavior found in the steam–air results,

discussed above in Section 4.1.1. Effects of the inde-

pendent parameters Win, DT , Rein, and Pin on the con-

densation of R134a–air were also found to be similar to

the effects of the independent parameters on the con-

densation of steam–air. The major difference between

the R134a–air and steam–air results is in the properties,

particularly qM. For the same inlet conditions, qM is

higher for R134a–air than for steam–air. Therefore,

based on the discussion in Section 4.1.5, thicker liquid

films, lower heat transfer, and lower algebraic values of

the pressure gradient are expected for R134a–air in

comparison with steam–air at the same operating con-

ditions. A sample of the R134a–air results is presented

here including the variations of film thickness, pressure

gradient, and local Nusselt number along the conden-

sation path. Corresponding values for steam–air at the

same conditions are shown in all the following figures

for comparison.

The results for Pin ¼ 1 atm, Rein ¼ 1000, DT ¼ 20 K,

and Win ¼ 0 to 0.05 are shown in Figs. 7(a)–(c). These

results confirm the thicker liquid films (Fig. 7(a)), the

lower algebraic values of the pressure gradient (Fig.

7(b)), and the lower Nusselt numbers (Fig. 7(c)) for

R134a–air compared with steam–air at the same con-

ditions.

The effect of DT on d� is shown in Fig. 8 for Pin ¼ 1

atm, Rein ¼ 1000, and Win ¼ 0 and 0.05. These results

follow the same trend seen earlier in Fig. 4(a), and fur-

ther confirm that the liquid films are thicker for R134a–

air than steam–air. The effects of DT on (dP �=dx�) and

Nux were found to follow the same trends seen earlier in

Figs. 4(b) and (c) with lower values of (dP �=dx�) and Nux
for R134a–air than steam–air.

Fig. 9 shows the effect of Rein on Nux at Pin ¼ 1 atm,

Win ¼ 0:05, and DT ¼ 10 and 20 K. These results show

that values of ðNuxRe�0:5
in Þ for Rein ¼ 500, 1000, and 2000

nearly collapse all along x� for both values of DT . Again,

Nux is lower for R134a–air than for steam–air at the

same conditions.

The effect of pressure is shown in Fig. 10 with results

for Rein ¼ 2000, DT ¼ 20 K, and Win ¼ 0 and 0.05. The

trend in these results is similar to the trend seen earlier in

Fig. 6(a) with thicker liquid films for R134a–air than for

steam–air at the same conditions.

5. Concluding remarks

Detailed numerical results were obtained for laminar

film condensation of two vapor–gas mixtures (steam–air

and R134a–air) inside horizontal, parallel-plate chan-

nels. These results include local profiles of velocity u,

temperature T, and gas concentrationW, as well as axial

variations of the liquid film thickness d, pressure gradi-

ent ðdP=dxÞ, and Nusselt number Nux. For a specific

vapor–gas combination, the solution requires four in-

dependent variables as input. These are the inlet pressure

Pin, the inlet Reynolds number Rein, the inlet gas con-

Fig. 8. Effect of DT on d� for R134a–air at Pin ¼ 1 atm and

Rein ¼ 1000.

Fig. 9. Effect of Rein on Nux for R134a–air at Pin ¼ 1 atm and

Win ¼ 0:05.

Fig. 10. Effect of Pin on d� for R134a–air at Rein ¼ 2000 and

DT ¼ 20 K.
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centration Win, and the inlet-to-wall temperature differ-

ence DT . Wide ranges of these independent variables

were covered and the influence of each variables on the

condensation results was presented and discussed sepa-

rately.

Because of the efficient numerical algorithm utilized

here, it was possible to advance the solution from the

inlet until complete condensation was achieved, except

for the cases where flow reversal occurred along the

condensation path. Flow reversal typically started at

the top wall of the channel and it occurred only when the

rate of condensation was high (conditions of high DT
and low Win).

The presence of gas was found to have significant

effects on the condensation process. Values of d,
ðdP=dxÞ, and Nux decrease significantly as Win increases.

An analytical solution was developed for the liquid film

thickness and velocity field at the end of the condensa-

tion path and it is demonstrated that the numerical so-

lution converges to this analytical solution at large

values of x.

In comparison to steam–air, R134a–air was found to

produce larger d, lower ðdP=dxÞ, and lower Nux at the

same operating conditions. A major contributing factor

to this trend is the high value of mixture density, which

results in lower mixture velocity, lower interfacial shear,

higher liquid film thickness, and lower condensation

rate.
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Appendix A. Exact solution for the flow conditions at the

end of the condensation path

The geometry under consideration is shown in Fig. 1

and the flow situation is described in Section 1. The

objective here is to develop an analytical solution for the

flow parameters at the end of the condensation path. In

this region, there is no heat transfer since the tempera-

ture across the condensate and the mixture layers is

uniform at Twall and the mixture consists of a gas fully

saturated with vapor with a uniform gas concentration

Wec. The velocities (uL;ec and uM;ec), temperature (Twall),

gas concentration (Wec), film thickness ðdec), and pressure

gradient ðdP=dxÞec become independent of x. The den-

sities of the liquid film and the mixture are constant and

equal to qL and qM, respectively.

The momentum equations for the liquid and mixture

regions in dimensionless form are, respectively,

d2u�L;ec
dy�2

¼ 1

2

lin

lL

� �
Rein

dP �

dx�

� �
ec

ðA:1Þ

and

d2u�M;ec

dy�2
¼ 1

2

lin

lM

� �
Rein

dP �

dx�

� �
ec

: ðA:2Þ

The boundary conditions for Eqs. (A.1) and (A.2) are:

zero velocity at both walls, and equal velocity and shear

stress at the interface. Integrating (A.1) and (A.2), we get

the following velocity distributions:

u�L;ec ¼
1

4

lin

lL

� �
dP �

dx�

� �
ec

Rein y�2



þ C1y� þ C2

�
ðA:3Þ

and

u�M;ec ¼
1

4

lin

lM

� �
dP �

dx�

� �
ec

Rein y�2



þ C3y� þ C4

�
: ðA:4Þ

Applying the boundary conditions and reducing, we get

C1 ¼ � 1þ ðlM=lLÞ � 1ð Þd�2
ec

1þ ðlM=lLÞ � 1ð Þd�
ec

; ðA:5Þ

C2 ¼ 0; ðA:6Þ

C3 ¼ C1 ðA:7Þ

and

C4 ¼
1þ ðlM=lLÞ � 1ð Þd�2

ec

1þ ðlM=lLÞ � 1ð Þd�
ec

� 1: ðA:8Þ

From simple mass balances, the liquid and mixture mass

flow rates, respectively, can be formulated as

_mmL;ec ¼ _mmin 1

�
� Win

Wec

�
¼ qL

Z dec

0

uL;ec dy ðA:9Þ

and

_mmM;ec ¼ _mmin

Win

Wec

� �
¼ qM

Z H

dec

uM;ec dy: ðA:10Þ

In dimensionless form, Eqs. (A.9) and (A.10) reduce to

Z d�ec

0

u�L;ec dy
� ¼ qin

qL

� �
1

�
� Win

Wec

�
ðA:11Þ

andZ 1

d�ec

u�
M;ec dy

� ¼ qin

qM

� �
Win

Wec

� �
: ðA:12Þ

Substituting from Eq. (A.3) into Eq. (A.11) and from

Eq. (A.4) into Eq. (A.12) using the value of the coeffi-

cients given in Eqs. (A.5)–(A.8), we get the following

two relations:
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Rein
dP �

dx�

� �
ec

¼� 24
qin

qL

� �
lL

lin

� �
1

��
�Win

Wec

�

	 1

�
þ lM

lL

�
� 1

�
d�
ec

�

�

3d�2
ec

�
� 2d�3

ec þ
lM

lL

�
� 1

�
d�4
ec



ðA:13Þ

and

Rein
dP �

dx�

� �
ec

¼� 24
qin

qM

� �
lM

lin

� �
Win

Wec

� ��

	 1

�
þ lM

lL

�
� 1

�
d�
ec

�


�
1

�
� 3d�2

ec þ 2d�3
ec þ

lM

lL

�
� 1

�

	 4d�
ec

�
� 9d�2

ec þ 6d�3
ec � d�4

ec

�

: ðA:14Þ

Equating the pressure gradient in Eqs. (A.13) and

(A.14), we get

3d�2
ec

�
� 2d�3

ec þ
lM

lL

�
� 1

�
d�4
ec

��
1
��

� 3d�2
ec þ 2d�3

ec

�

þ lM

lL

�
� 1

�
4d�

ec

�
� 9d�2

ec þ 6d�3
ec � d�4

ec

��

¼ qM

qL

� �
lL

lM

� �
Wec

Win

�
� 1

�
: ðA:15Þ

Eq. (A.15) is a fourth order polynomial and it can be

solved iteratively for the value of d�
ec that corresponds to

given values of qL, qM, lL, lM, Win, and Wec (determined

from thermodynamic relations). The value of d�
ec is in-

dependent of Rein. However, the dimensionless pressure

gradient ðdP �=dx�Þec, calculated from either (A.13) or

(A.14), is dependent on Rein. Both Eqs. (A.13) and

(A.14) suggest that ðdP �=dx�Þec decreases with increasing

Rein. However, by examining the definitions of P � and

Rein, we can easily see that the dimensional pressure

gradient ðdP=dxÞec actually increases with increasing _mmin

or Rein. Finally, the velocity profiles u�L;ec and u�M;ec can

be determined from Eqs. (A.3)–(A.8).
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